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We study the effect of inter-component interactions on the dynamical properties of quantum walkers.
We consider the simplest situation of two indistinguishable non-interacting walkers on a tilted optical
lattice interacting with a walker from a different component. The mediated effect of the third particle is
then analyzed in the backdrop of various controlling parameters. The interaction-induced two-particle
correlations are shown to be non-trivially affected by the particle statistics, choice of initial states, and
tilting configurations of the lattice. Our analysis thus offers an overall picture and serves as a starting
point of a study of interacting multi-component quantum walkers.
I. INTRODUCTION
Continuous-time quantum walk, where the parti-
cle moves on a lattice under the action of a time-
independent Hamiltonian [1], has attracted a lot of at-
tention in recent years, especially due to its application
in quantum information processing and quantum com-
putation [2]. Recently it has also generated interest as
a possible candidate as a quantum simulator of dynam-
ics of magnon excitations in ferro- or antiferromagnetic
solid-state systems [3, 4]. Experimental realizations of
quantum walks are therefore of great importance and
form the basis of interesting real-world applications. For
a single walker, this has been realized in various setups,
such as spin systems [5, 6], photonic systems [7, 8],
trapped ions [9], and with neutral cold atoms in optical
lattices [5, 6, 10]. The last system is of pertinent interest
as it provides a clean, coherent, and controllable way to
investigate quantum many-body properties [11, 12]. The
optical lattices are nowadays a viable candidate for sim-
ulating condensed matter systems [11–13] which have
been instrumental in studies of strongly correlated many-
body systems [14–17]. Microscopic control of the Hamil-
tonian parameters via external fields in these setups al-
lows precise probing of more interesting situations when
instead of a single quantum walker, a larger number of
particles is considered [18, 19]. It was argued that in the
presence of inter-particle interactions, a many-particle
quantum walk may affect quantum interference depend-
ing on the particle statistics [20] and therefore it also
may have some applicability in universal quantum com-
putation schemes [21]. This path of exploration is even
more intriguing when the quantum walk is realised in
the tilted lattice, i.e., when local single-particle energies
vary linearly with the site index. Starting from the fa-
mous theoretical paper by Bloch [22] it is known that on
the single-particle level the lattice tilting may lead to a
counter-intuitive and quite spectacular effect of spatial
oscillations of a single-particle density (known as Bloch
oscillations). This prediction was awaiting for experi-
mental confirmation over 60 years and was first demon-
strated for electrons moving in a semiconductor super-
lattice [23]. The role of inter-particle interactions be-
tween indistinguishable walkers in the tilted lattice has
been deeply explored in the literature [24–34]. However,
some questions still remain open and appropriate anal-
ysis is required. An important one of them is related to
the problem of quantum walk realized in the tilted lattice
by a multi-component system and to the non-obvious in-
terplay between lattice geometry, initial state, quantum
statistics, as well as intra- and inter-component interac-
tions. To make the first step to fill this gap, in our work
we focus on the simplest multi-component system cap-
turing all these features, i.e., the case of three particles:
two indistinguishable fermions or bosons belonging to
the component A and a third particle of fundamentally
distinguishable flavor B. We study different dynamical
properties of the system focusing mostly on quantum cor-
relations between non-interacting A-particles induced by
interactions with third B-walker.
This paper is organized in the following way. We pro-
vide the details of the system and the Hamiltonian in
Sec. II. In Sec. III we analyse the dynamics of two iden-
tical particles localized initially in distinct sites and high-
light the differences forced by quantum statistics. Then,
in Sec. IV, we introduce an additional particle of different
component and study its impact on the dynamics. Here,
we also look for the effects of particle statistics in the
two-particle sector and uncover a role of the initial state.
Next, in Sec. V we show that inter-particle correlations
may crucially depend on the lattice geometry. Finally, we
summarize and conclude in Sec. VI.
II. THE SYSTEM STUDIED
In our work we consider the system of three quantum
walkers experiencing the same one-dimensional tilted
lattice potential. We assume that two of them are in-
distingushable (bosons or fermions) and belong to the
component A, while the third one belongs to the other
component B. In the simplest case, when particles move
in the lowest band of the lattice, the Hamiltonian of
the system can be written in the tight-binding approxi-
mation as the following single-band Hubbard Hamilto-
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Hˆ =
∑
i
[
−Ji
(
aˆ†i aˆi+1 + bˆ
†
i bˆi+1 + h.c.
)
+ Ei (nˆAi + nˆBi)
]
+ U
∑
i
nˆAinˆBi +
UA
2
∑
i
nˆAi(nˆAi − 1), (1)
where Ji and Ei characterize lattice geometry and they
determine single-particle tunnelings and on-site ener-
gies, respectively. Since we consider the simplest sce-
nario of tilted lattice, in the following we set tunneling
amplitudes Ji = J as site-independent. On the contrary,
the local energies, although component-independent,
are linear in the site index, Ei = F · i. The tilting param-
eter F being under experimental control can be viewed
as a constant force acting along the lattice. By definition,
operators aˆi and bˆi annihilate particles at site i belong-
ing to the component A and B, respectively. Depend-
ing on the quantum statistics, they obey intra-component
commutation or anti-commutation relations. At the same
time, any two operators acting in subspaces of different
components do commute. Since in our work we con-
sider systems containing only a single B-particle, all the
results presented are insensitive to the intra-component
quantum statistics of operators bˆi. For convenience, we
introduced the local number operators nˆAi = aˆ
†
i aˆi and
nˆBi = bˆ
†
i bˆi.
In our work, we assume that the interaction part of the
Hamiltonian is dominated by local terms. This assump-
tion is particularly well justified for ultra-cold atomic sys-
tems interacting mainly via short-range intra- and inter-
component interactions. Note, however, that in the case
of fermionic A-particles, a double occupation at any
site cannot occur due to the Pauli exclusion principle
(nAi ∈ {0, 1} for any i). Thus, intra-component interac-
tion terms controlled by UA rigorously vanish and only
the inter-component terms (controlled by U) remain in
play. In the case of bosonic A-particles additional intra-
component interactions controlled by UA are possible. In
most of the cases studied here, we are interested in the
case of non-interacting A-particles (UA = 0). In view
of these remarks, the Hamiltonian (1) is appropriately
written for bosonic as well as for fermionic particles.
III. DYNAMICS OF TWO PARTICLES
To make further analysis clearer, let us first make some
observations on the dynamics of two identical particles
belonging to the component A initially occupying two
different sites near the center of the lattice, i.e., as the
initial state we take |Ψ0〉 = aˆ†0aˆ†d|vac〉, where d 6= 0 de-
notes the distance between occupied sites. In this case
the Hamiltonian (1) is reduced to the single component
and has the following form
Hˆ =
∑
i
[
−J
(
aˆ†i aˆi+1 + aˆ
†
i+1aˆi
)
+ F i nˆAi
]
(2)
FIG. 1. Evolution of the single-particle density profile ρii(t) for
two different tilting of the lattice and initial distance between
occupied sites d = 2. Horizontal dashed lines indicate the half-
time of the Bloch oscillation period T1/2. As argued in the main
text, these results are independent on the quantum statistics of
A-particles. Time is measured in natural unit of the problem
~/J .
It is very instructive to note that for the initial state
considered here, the time evolution of a whole single-
particle density matrix
ρkl(t) = 〈Ψ(t)|aˆ†kaˆl|Ψ(t)〉, (3)
where |Ψ(t)〉 = e−iHˆt/~|Ψ0〉, is independent on the statis-
tics, i.e., it is exactly the same for non-interacting bosons
and fermions. Indeed, the commutation relation[
Hˆ, aˆ†kaˆl
]
= J
[
aˆ†k(aˆl+1 + aˆl−1)− (aˆ†k+1 + aˆ†k−1)aˆl
]
+ F (k − l)aˆ†kaˆl (4)
is the same for non-interacting bosonic and fermionic
particles. The expectation values of this commutator and
all the higher order commutators with the Hamiltonian
in the localized initial state |Ψ0〉 are insensitive to the
particle statistics. Therefore, the single-particle density
matrix ρkl(t) evolves identically for bosons as well as for
fermions. This means that any single-particle measure-
ment is not able to capture any dynamical difference be-
tween both statistics if at initial moment particles do not
occupy the same site. This result is quite counterintuitive
since it is clear that tunnelling to an already occupied
neighboring site is blocked only for fermions. In Fig. 1
we display the time evolution of the single-particle den-
sity profile (the diagonal part of ρkl(t)) for two different
tilting of the lattice and initial distance d = 2. Clearly
visible characteristic spatial oscillations are exactly the
same for bosons and fermions and their frequency de-
pends only on the strength of the tilting. The half of the
oscillation period is given by T1/2 = pi~/F , and this is
when the particles reach the farthest part of the lattice.
The dynamical difference between bosonic and
fermionic systems is however well-captured by higher-
order correlations. In the case of two-particle systems
one of them is particularly important since it can be ob-
tained directly by repeated instant-time measurements
3FIG. 2. Two-particle density profile Γkl at the half-time of
a Bloch oscillation period T1/2 for a system of two non-
interacting bosons (left) and fermions (right) initially prepared
in the state |Ψ0〉 = aˆ†0aˆ†d|vac〉. Note that, regardless of the
initial distance d the distributions are significantly distinct for
different statistics.
of particles’ positions – the two-particle density profile
Γkl(t) = 〈Ψ(t)|nˆAknˆAl|Ψ(t)〉. (5)
In this case the commutator
[
Hˆ, nˆAknˆAl
]
would again
have the identical operator form for both bosons and
fermions. However, the initial expectation values are not
the same anymore and they give rise to different dynam-
ical behaviors. This is clearly visible when two-particle
profiles are compared at the half-time of a Bloch oscilla-
tion period, T1/2 (see Fig. 2). Independent of the initial
distance d, two-particle densities are essentially different
not only close to the diagonal of the doublon occupancy
which is forbidden for fermions, but also in a whole spa-
tial range accessible to particles.
This significant difference between bosonic and
fermionic particles can be quantified with another quan-
tity that is important from a measurement point of view
– the mean distance between particles, D(t) =
∑
kl |k −
l|Γkl(t). The bosonic enhancement results in a smaller
mean distance between non-interacting bosons when
FIG. 3. Time dependence of the mean distance D(t) be-
tween non-interacting A-particles prepared in the state |Ψ0〉 =
aˆ†0aˆ
†
d|vac〉with d = 2. Due to the bosonic enhancement, bosons
spread slower than fermions and only in the limit of hard-core
interactions (UA/J → ∞) both statistics are indistinguish-
able by this quantity. Note that, for finite non-vanishing in-
teractions between particles the Bloch oscillations are slightly
slowed down and the system does not return exactly to the ini-
tial state after the Bloch period.
compared to the fermionic case. In Fig. 3 we present
the mean distance D(t) for the particular initial state
with d = 2. For a complete picture, we display also the
bosonic distance D(t) when the on-site repulsion term in
the Hamiltonian controlled by UA is present. It is clear,
that as the interaction increases the mean distance for
the bosons approaches the fermionic case. In the limiting
scenario of hard-core bosons (UA/J →∞) both statistics
display the same behavior.
IV. INFLUENCE OF THE THIRD PARTICLE
After discussing the dynamical consequences of statis-
tics for indistinguishable particles we focus on a system
of three particles. In the following, we assume that
two particles belonging to the A-component (bosons or
fermions) do not interact with each other but their dy-
namics is affected by a third B-particle via on-site inter-
action term of the form U
∑
i nˆAi nˆBi. In this way, we
want to figure out how the dynamical features of two-
particle correlations described above are affected by the
presence of additional, fundamentally different, particle.
The role played by the third particle crucially depends
not only on interaction strength U but also on its initial
state. Therefore, we consider a whole family of initial
states of the form of Gaussian wave packets localized ex-
actly between A-particles. The initial configuration of
the two A-particles is same as in the previous case. All it
means is that the initial state of the whole system reads
|Ψ0〉 = N aˆ†0aˆ†d
(∑
i
e−(i−d/2)
2/2σ2 bˆ†i
)
|vac〉, (6)
where N is the normalization factor and σ determines
width of the component B wave packet. The limit of
ideally localized B-particle (σ = 0) is well-defined only
4FIG. 4. Two-particle density profile Γkl at the half-time of a
Bloch oscillation period T1/2 for a system of two bosons (left)
and fermions (right) initially localized at distant d = 2 and
interacting (U/J = 10) with the B-particle initially localized
between them, σ = 0 (top) and delocalized with σ = 5 (bot-
tom). Note that, for delocalized B-particle a specific ‘cross-like’
structure is enhanced together with appearance of partial pair-
ing. Compare with Fig. 5 for other initial distances d.
for even d (B-particle is localized exactly at site i = d/2).
Therefore, to capture also this limiting case, we focus
mainly on the d = 2 case in the following.
At this point, it should be noted that in the absence of
interactions, the dynamics of the Gaussian wave packet
is reduced to simple oscillations without change of the
shape, provided that width σ is larger than the periodic-
ity of the lattice [26, 32]. On the contrary, when inter-
component interactions are present (U 6= 0), any non-
zero σ introduces finite initial interaction energy to the
system.
Exactly as in the case of two particles, we inspect the
dynamics of the system during one Bloch oscillation. For
clarity, we capture the differences caused by interactions
and quantum statistics at moment when they become the
largest, i.e., at the half-time of the Bloch oscillation pe-
riod T1/2 with the tilting strength fixed at F/J = 0.2.
In Fig. 4 we display the two-particle density profile (5)
at T1/2 in the case of strong inter-component interac-
tions U/J = 10. Depending on the quantum statistics
of A-particles and the width of Gaussian packet σ dif-
ferent correlations are enhanced. First, when the B-
particle is precisely localized (σ = 0), there is no sig-
nificant difference between bosonic and fermionic par-
ticles (left panel). It means that strong interaction
with the B-particle localized exactly between the A-
particles changes the behavior considerably, even in the
absence of initial interaction energy. Significant differ-
ences caused by the statistics, which was observed pre-
viously (compare with the panels in the second row in
Fig. 2), are almost completely blurred. In both cases,
the probability of finding particles on opposite sides of
FIG. 5. Two-particle density profile Γkl at the half-time of
a Bloch oscillation period T1/2 for a system of two bosons
(left) and fermions (right) interacting (U/J = 10) with the
B-particle initially delocalized with σ = 5. The initial distance
between localized A-particles is d = 1 and d = 3 (top and bot-
tom rows, respectively). Compare with Fig. 4 for other initial
delocalization σ of the B-particle.
the central site is the largest. On top of this clear cor-
relation, one finds also a very weak ‘cross-like’ structure
emerging in the density profile. It uncovers additional
enhancement of probability of finding one particle near
the center site with the second particle smeared over a
whole available space.
The situation is significantly different when the B-
particle is initially delocalized over several sites. As an
example, in the bottom panel of Fig. 4 we display the
two-particle density profile for A-particles at half-time
T1/2 when the third particle is initially distributed with
σ = 5. For both statistics of A-particles we observe a no-
ticeable enhancement of the ‘cross-like’ structure in the
distribution. Moreover, inter-component repulsions sup-
port the pair-like formation of A-particles towards the
left edge of the lattice (direction favored by the tilting of
the lattice). We checked that this effect remains the same
if the sign of inter-component interactions is changed to
attractions. It is also independent of the initial distance
between particles d provided that the width σ is large
enough to make mediation between A-particles possible
(see Fig. 5). This result evidently shows that a specific
attraction between non-interacting particles is dynami-
cally induced when particles do interact with other parti-
cle which necessarily needs to be sufficiently delocalized.
To get a better understanding of these non-trivial cor-
relations appearing in the system, besides computing
the two-particle density profiles Γkl, we also consider
the density profile of doublons ηi(t). This is given by
the probability density of finding at least one A-particle
and B-particle together at the same site. In the case
of fermionic particles it can be calculated straightfor-
wardly as ηi(t) = 〈Ψ(t)|nˆAinˆBi|Ψ(t)〉. For bosons, due
5FIG. 6. Density distributions for the strongly interacting system
(U/J = 10) initially prepared in the state (6) with σ = 2 (top
row) σ = 5 (bottom row) and exactly at the half of the Bloch
period T1/2. Dashed green line and red solid lines correspond
to the single-particle density of A-particles ρii and the doublon
density ηi, respectively.
to possible double-occupancy of A-particles, the defini-
tion is slightly modified and in the case studied can be
expressed as ηi(t) = 〈Ψ(t)|nAinBi(3 − nAi)/2|Ψ(t)〉. It
is important to note, that due to a well-known halv-
ing of the time period of the Bloch oscillation for dou-
blons [27, 28], the doublon density is particularly very
straightforward at time T1/2. Exactly at this moment,
when the single-particle density peaks are maximally dis-
tant from the origin, the doublon density ηi is non-zero
only in the vicinity of the central site. In Fig. 6 we il-
lustrate this effect for different initial widths σ of the B-
particle wave packet and different statistics ofA-particles
(solid red lines for doublon density ηi and dashed green
lines for the single-particle density ρii of A-particle).
This specific composition of the doublon density and the
single-particle profile results in the final two-particle cor-
relation of A-particles. The ‘cross-like’ structure is trig-
gered mostly by the doublon, while the remaining part
at the edges of the system comes from the distribution of
the remaining A-particle.
V. ROLE OF THE LATTICE GEOMETRY
As we have shown, the two-body correlations between
non-interacting A-particles forced by the presence of the
additional particle depends crucially on the initial state.
Interestingly and quite counterintuitively these correla-
tions are less sensitive to the initial distance between par-
ticles and their statistics provided that inter-component
interactions are strong enough. For completeness, we
will now focus on the role of lattice geometry in these
correlations. To provide a concrete example, let us
FIG. 7. Dynamics for a lattice that is tilted in opposite direc-
tion on both sides of the center, with two A-particles localized
on both sides of the center (d = 2) and B-particle centered
around the middle (σ = 5). Evolution of the single-particle
density profile is shown forA-particle (first row) andB-particle
(second row). At the characteristic time T1/2 two-particle den-
sity profile for A-particle is shown in third row. Bottom row
shows the doublon density (red line) and single-particle den-
sity of A-particle (dashed green line).
consider a one-dimensional lattice that is not homoge-
neously tilted but the tilting becomes inverted around
the center of the initial state, i.e., a lattice having lo-
cal energies of the form Ei = −F |i − i0|. Such an
exotic tilting, although simple for theoretical consider-
ation, may be demanding for experimental manufactur-
ing. However, in the view of recent progress in creat-
ing very different lattice configurations, it is not impos-
sible. At this point it worth to point out that our argu-
ments on the dynamics of two non-interacting particles
presented in Sec. III remain valid: at any moment, any
single-particle quantity persists insensitive to the quan-
tum statistics provided that initially particles are local-
ized in two different sites of the lattice.
As the simplest example, we focus on the three-particle
initial state (6) with d = 2 and σ = 5 centered exactly
around the middle point of the lattice (i0 = 1) with
inter-component interaction U/J = 10 and tilt strength
6F/J = 0.2. The dynamical situation of such a con-
figuration is presented in Fig. 7. Exactly as previously,
columns correspond to different statistics of A-particles.
The single-particle density profiles, respectively for A
and B particles, are displayed in the first two rows. The
third row presents the two-particle density profile Γkl at
the half-time of a Bloch oscillation period T1/2. It is clear
that, exactly as in the previous case, all the features of
the system are almost the same for both statistics. How-
ever, the two-particle correlation is strongly influenced
by the change of the lattice configuration – breaking of
the lattice supports the ‘cross-like’ structure with a mag-
nification of density exactly in the center of the system.
This increased concentration of A-particles in the center
is also clearly visible in the single-particle density pro-
file (the fourth row, dashed green line). Note that in
this case it is not triggered by the existence of doublons
which is highly suppressed (red line). As the two-particle
correlations are substantially different from the previous
case (see Figs. 4 and 5) we systematically change the tilt-
ing configuration from the uniform structure (considered
in the preceding sections) to the ‘broken’ configuration
(reported in this section) and compute the correlations.
As the correlation pattern changes, we see the doublon
peak gradually diminishing at the center of the lattice,
where the single-particle density consequently increases.
Although not displayed here, this behavior is confirmed
in our calculations.
VI. CONCLUSION
We have analyzed the dynamics of the simplest sys-
tem of two-component quantum walkers on a tilted op-
tical lattice and studied the effect of particle statistics,
interaction, choice of initial states, and lattice geome-
try, which lead to three main findings. Firstly, single-
particle measurements cannot distinguish the quantum
statistical nature of two non-interacting walkers dur-
ing evolution from initially localized states. One must
perform two-particle measurements to differentiate be-
tween the particle-statistics. Secondly, interaction with
the third walker from a different distinguishable com-
ponent can induce non-trivial correlations between two
walkers which can be controlled by changing the initial
states. As our third and final result, we show that the
two-particle correlations can also be significantly modi-
fied by changing the tilting structure of the lattice. Im-
plementation of a non-trivial tilting is a challenging task,
however, with the ever-growing standard of ongoing op-
tical lattice experiments with a controlled number of cold
atoms, all the results presented in this work can be real-
ized and bench-marked. This study can be further ex-
panded to probe the effect of intra-component interac-
tions, single-particle state preparations, and a general-
ized study of the dynamics of multi-component quantum
walkers, to name a few.
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